Abstract. The hyperspace of all nontrivial convergent sequences in a Hausdorff space X is denoted by S c (X). This hyperspace is endowed with the Vietoris topology. In connection with a question and a problem by García-Ferreira, Ortiz-Castillo and Rojas-Hernández, concerning conditions under which S c (X) is pathwise connected, in the current paper we study the latter property and the contractibility of S c (X). We present necessary conditions on a space X to obtain the path connectedness of S c (X). We also provide some sufficient conditions on a space X to obtain such path connectedness. Further, we characterize the local path connectedness of S c (X) in terms of that of X. We prove the contractibility of S c (X) for a class of spaces and, finally, we study the connectedness of Whitney blocks and Whitney levels for S c (X).
Convergence of sequences is an important tool to determine topological properties in Hausdorff spaces. On the other hand, the study of hyperspaces provides information about the topological behavior of the original space and vice versa. In connection with both concepts, the hyperspace consisting of all nontrivial convergent sequences S c (X), of a metric space X without isolated points, was introduced in 2015 in [9] . Since then, there has been increasing interest in studying S c (X) and several papers presenting relevant properties of this hyperspace have been written: [10] , [11] , [12] , [16] , [17] and [18] .
In [9] the authors studied, among other properties, the path connectedness of S c (X): they proved that S c (X) is pathwise connected, whenever X is either R or a connected space that is a finite union of copies of [0, 1] ([9, Theorem 2.4 and Lemma 2.11]). Also, [9, Example 2.8] showed a pathwise connected continuum X such that S c (X) is not pathwise connected. Further, the authors in [9, Question 2.9] asked if S c (X) is pathwise connected when X is a dendroid; in [17, Example 4.6] this question was answered in the negative. They also asked whether the path connectedness of S c (X) implies that of X ([9, Question 2.14]); this question was answered in the affirmative for infinite, non-discrete, Fréchet-Urysohn spaces in [10, Corollary 3.3] . Despite the recent contributions to this study, the behavior of the path connectedness of S c (X) is still not fully understood; in particular, necessary and sufficient conditions on a space X in order for S c (X) to be pathwise connected have still not been found. In connection with this situation, in [9, Question 2.13] and [10, Problem 3.4 ] the authors asked, respectively:
In the present paper, we address both problems and we study in more detail the behavior of the path connectedness of the hyperspace of nontrivial convergent sequences. In Corollary 2.18 and Theorem 2.20 we give some partial answers to Question 0.1. Moreover, in Theorem 2.6 and Corollary 3.10 we give sufficient conditions on a space X so that S c (X) is pathwise connected, thus addressing Problem 0.2.
More precisely, our main results in this paper are the following: first, we show the path connectedness of S c (X) for a contractible and first countable space X. Second, we prove that for a uniquely arcwise connected continuum X, if S c (X) is pathwise connected, then X must be uniformly pathwise connected (in fact, if X is not uniformly pathwise connected, then S c (X) has exactly c path components). Third, we show that the path connectedness of S c (X) implies the absence of R i -sets in a continuum X for all i ∈ {1, 2, 3}. Fourth, we establish the equivalence between the local path connectedness of a first countable space X and that of its hyperspace S c (X). Fifth, we determine the contractibility of S c (X) for some spaces X. Finally, we study the connectedness of Whitney blocks and Whitney levels for S c (X).
We 
Preliminaries
All topological notions and all set-theoretic notions whose definition is not included here should be understood as in [7] and [15] , respectively.
The symbol ω denotes both, the first infinite ordinal and the first infinite cardinal. In particular, we consider all nonnegative integers as ordinals too; thus, n ∈ ω implies that n = {0, . . . , n − 1} and ω \ n = {k ∈ ω : k ≥ n}. The successor of ω is the ordinal ω + 1 = ω ∪ {ω} and so the symbols i ∈ ω + 1, i < ω + 1 and i ≤ ω all represent the same. The set ω \ {0} is denoted by N. As usual, c will be used to represent the cardinality of the real line, R.
If X is a set and κ is a cardinal, |X| will represent the cardinality of X and [X] <κ denotes the family of all subsets of X whose cardinality is < κ. In particular, [X] <ω is the collection of all finite subsets of X and [X] <n+1 is the collection of all subsets of X having at most n elements, whenever n ∈ N. The symbol P(X) will denote the power set of a set X.
For a function f , ran(f ) will denote its range, and given a subset A of the domain of f , the set {f (x) : x ∈ A} is denoted by f [A].
In this paper, space means Hausdorff space. For a space X, the symbol τ X will denote the collection of all open subsets of X. Also, for a set A ⊆ X, we will use int X A and cl X A (or, if there is no risk of confusion, A) to represent its interior in X and its closure in X, respectively.
A space X is locally connected (strongly locally pathwise connected) at a point p provided that X has a basis of open, connected (pathwise connected) neighborhoods of p. Moreover, X is connected im kleinen (locally pathwise connected) at p whenever X has a basis of connected (pathwise connected) neighborhoods of p. Finally, X is locally connected (strongly locally pathwise connected, connected im kleinen or locally pathwise connected) provided that X has such property at all of its points.
Our next lemma is known and easy to prove.
Lemma 1.1. The following conditions are equivalent for a space X: (i) X is strongly locally pathwise connected; (ii) X is locally pathwise connected; (iii) if U is an open subset of X and K is a path component of U, then K is open in X.
A space Z is contractible provided that there exist p ∈ Z and a homotopy h : Z ×[0, 1] → Z satisfying that h(z, 0) = z and h(z, 1) = p for each z ∈ Z. Such a homotopy h is called a contraction.
A continuum is a compact, nonempty, connected, metric space. A dendrite is a locally connected continuum that contains no simple closed curves.
A convergent sequence in a topological space X is a function f from ω into X for which there is x ∈ X in such a way that for each U ∈ τ X with x ∈ U there exists n ∈ ω with f [ω \ n] ⊆ U. In this case, we will say that either f converges to x or x is the limit of f , and this fact will be denoted by either lim n→∞ f (n) = x or f (n) → x. We shall write (f (n)) n∈ω to refer to f . If | ran(f )| = ω, we say that f is nontrivial. In connection with this concept, in this paper, a subset S of a space X will be called a nontrivial convergent sequence in X if S is countably infinite and there is x ∈ S in such a way that S \ U ∈ [X] <ω for each U ∈ τ X with x ∈ U. When this happens, the point x is called the limit point of S and we will say that S converges to x and write either S → x or lim S = x. Throughout this paper, the reader will be able to identify from the context what is the intended meaning of nontrivial convergent sequence in the discussion.
For a space X, define the hyperspaces:
S is a nontrivial convergent sequence in X}, F n (X) = {A ∈ CL(X) : |A| ≤ n}, with n ∈ N,
Given a family U of subsets of X, we define
The Vietoris topology is the topology on CL(X) generated by the base consisting of all sets of the form U , where U ∈ [τ X ] <ω [19, Proposition 2.1, p. 155]. All the hyperspaces described above will be considered as subspaces of CL(X). In particular, a base for the topology of S c (X) consists of all sets of the form U c = U ∩ S c (X), where U ∈ [τ X ] <ω . For a subset V of a space X, let V (1) V ⊆ U ; (2) V ⊆ U and for each U ∈ U, there exists V ∈ V such that V ⊆ U.
For the sake of simplicity we will adopt the following convention: if S is a nontrivial convergent sequence in a space X, we will say that {x n : n ∈ ω + 1} is an adequate enumeration of S provided that S = {x n : n ∈ ω + 1}, lim S = x ω and x i = x j whenever i < j ≤ ω.
A cellular family in a topological space X is a pairwise disjoint family of nonempty open subsets of X. The collection of all finite cellular families of X is denoted by C(X). Theorem 1.3. Let X be a space and let Y ∈ K(X) be zero-dimensional. Then { V : V ∈ C(X) and Y ∈ V } is a local base for CL(X) at Y .
For each x ∈ F , let Q x be a clopen subset of Y such that x ∈ Q x ⊆ {U ∈ U : x ∈ U}. Set Q 0 = {Q x : x ∈ F }. We may assume that the elements of Q 0 are pairwise disjoint.
If
In either case, Q 1 is a finite family of pairwise disjoint, nonempty, compact subspaces of X whose union is Y .
Let V ∈ C(X) be such that:
x ∈ U}. Using Lemma 1.2 and the fact that F ∈ U , it follows easily that Y ∈ V ⊆ U . Corollary 1.4. Let X be a space and let H(X) be a subspace of K(X) with the property that each element of H(X) is zero-dimensional. Then { V ∩ H(X) : V ∈ C(X)} is a base for H(X).
The following result was proved in [17, Proposition 3.2] . Proposition 1.5. For an arbitrary space X, { U c : U ∈ C(X)} is a base for S c (X).
Observe that Corollary 1.4 generalizes Proposition 1.5 and also it has a shorter proof. We note that Proposition 1.5 will be used constantly throughout the paper, although we may not always mention it explicitly. Corollary 1.4 will be used in Proposition 2.14.
The following are known results that will be useful in the rest of the paper. 
Let X and Y be spaces and let f : X → Y be a mapping. Define the induced mapping We will use the following notation frequently. Notation 1.14. Let X be uniquely arcwise connected space and let x, y ∈ X. If x = y, then the unique arc between x and y in X will be denoted by [x, y] . If x = y, then [x, y] will denote the set {x}.
Path connectedness of S c (X)
In this section we address Question 0.1 and Problem 0.2. Namely, we obtain necessary conditions on a space X to obtain the path connectedness of S c (X); we also obtain a sufficient condition and present several examples. <ω such that B is connected and S ⊆ B}. Then:
Proof. First we prove (i), to this end fix S 0 , S 1 ∈ L. It is easy to show that there exists a finite subset B of A such that B is connected and S 0 ∪ S 1 ⊆ B. According to [9, Lemma 2.11] the hyperspace S c ( B) is pathwise connected; since the latter is contained in L and S 0 , S 1 ∈ S c ( B), we conclude that L is pathwise connected. The proof of (ii) is easy and left to the reader.
Let S ∈ S c (X) be arbitrary. Suppose that {s i : i ∈ ω + 1} is an adequate enumeration of S. Since X is pathwise connected, there exist A ∈ A and R ∈ S c (A), such that lim R = s ω . Notice that R ∈ L. Let {r i : i ∈ ω + 1} be an adequate enumeration of R. Set R n = {s 0 , ..., s n−1 } ∪ {r i : i ≥ n} ∪ {r ω }, for each n ∈ ω. By (ii), R n ∈ L. Observe that lim i→∞ R i = S. Therefore, S ∈ cl Sc(X) (L) and D is dense in S c (X). Conversely, let λ :
Since X is pathwise connected, we may fix x ∈ R and an arc L ⊆ X, with end points x and some distinct point a, and choose a homeomorphism β : [0, 1] → L such that β(0) = a and β(1) = x. For each n ∈ N define α n : [
Observe that α n is well defined, continuous and the equality α n (
) holds for each n ∈ N. Next define α : [0, 1] → S c (X) as follows:
Using the fact that λ(1) ∈ F m (X) one readily sees that α is well defined. Further, as a consequence of [20, Theorem 18.3, p . 108] one can show that it is continuous in (0, 1]. In order to check that α is continuous at t = 0, fix W ∈ C(X) such that α(0) ∈ W c (see
Let W ∈ W be such that a ∈ W and pick N ∈ N such that
) ∈ V for some k ∈ N, the cellularity of W and the choice of N guarantee that V ∩ α(t) = ∅. Hence, we may assume that λ(1) ∩ V = ∅. This means that V ∈ U. Thus, λ(1 − t) ∈ V − c and so, λ(1 − t) ∩ V = ∅. We have proved that α(t) ∈ W c . Therefore, using the second part of Lemma 2.1, we conclude that α is a path in S c (X) that joins R with an element of D.
The authors do not know the answer to the following question. Question 2.3. Let X be a pathwise connected space and let R ∈ S c (X). Suppose that there exists a path λ :
2.2. A sufficient condition for the path connectedness of S c (X). In this subsection we address Problem 0.2, by showing that contractible, first countable spaces X have pathwise connected hyperspace S c (X). We also show that the converse is not true. Lemma 2.4. Let X be a pathwise connected space, let y ω ∈ X and assume that {V n : n ∈ N} is a countable local base at y ω with V 1 = X. For each n ∈ N we will assume that V n+1 ⊆ V n and we will denote by C n the path component of V n that contains y ω . Let {y n : n ∈ (ω + 1) \ {0}} and {x n : n ∈ (ω + 1) \ {0}} be adequate enumerations of two sequences S y and S x , respectively, such that x ω = y ω . Further, assume that (*) for each n ∈ N there exists m n ∈ N such that y r , x r ∈ C n for all r ≥ m n .
Then there exists a path in
Proof. For each n ∈ N define M(n) = max{k ∈ N : x n , y n ∈ C k }, then there exists a path α n : [
Note that M(n) tends to infinity as n tends to infinity.
Next, for each n ∈ N define g n : [
Observe that g n is well defined and continuous. Also note that
It is not difficult to verify that γ(0) = S y and γ(1) = g 1 (1) = S x .
According to (2.2) we have that γ is well-defined, and using [20, Theorem 18.3, p . 108] one can show that it is continuous in (0, 1]. In order to check that γ is continuous at t = 0, fix a finite cellular family W such that
) a routine argument shows that γ(t) ∈ W c and, thus, γ is a path in S c (X) from S y to S x . Corollary 2.5. Let X be a pathwise connected space and let p ∈ X. Assume that X is first countable at p. If X is locally pathwise connected at p and if R, S ∈ S c (X) are such that R → p and S → p, then there exists a path in S c (X) from R to S. Theorem 2.6. If X is a contractible, first countable space, then S c (X) is pathwise connected.
Proof. Let A and L be as in Lemma 2.1. Fix S 0 ∈ S c (X). We will show that S 0 may be joined by a path in S c (X) with some element of L. In this proof we will assume that {x n : n ∈ ω + 1} is an adequate enumeration of S 0 .
By assumption there exists a homotopy H :
We analyze two cases.
In this case H S 0 × {t 0 } ∈ S c (X) and the point z = H(x ω , t 0 ) is the limit point of H S 0 × {t 0 } . Fix a countable local base {V n : n ∈ N} of z with the property that V n+1 ⊆ V n for each n. Also, let C n be the path component of V n that contains z, for each n ∈ N.
Claim. For each n ∈ N there exists m n ∈ N such that H(x r , t 0 ) ∈ C n whenever r ≥ m n .
Let n ∈ N. Fix a finite cellular family U n such that H S 0 × {t 0 } ∈ U n c and if U n is the element of U n that contains z, then
Since H S 0 × {t n } is finite and nonempty there exist y ∈ H S 0 × {t n } and an infinite subset J of N such that H(x r , t n ) = y whenever r ∈ J; hence H(x ω , t n ) = y. Thus, using again the continuity of H there exists m n ∈ N such that (2.3)
H(x r , t n ) = y whenever r ≥ m n . Now, observe that
The cellularity of U n and the path connectedness of H {x ω } × [t n , t 0 ] imply that y ∈ U n ; therefore, since U n ⊆ V n we deduce that y ∈ C n . Similarly, using (2.3) and (2.4) we conclude that H(x r , t 0 ) ∈ C n whenever r ≥ m n and the claim is proved.
Let A ⊆ X be an arc that contains z and let S 1 ∈ S c (A) be such that lim S 1 = z. Note that C n contains a tail of S 1 for each n ∈ N. Since lim S 1 = z = lim H S 0 × {t 0 } , by Lemma 2.4 there exists a path in S c (X) from S 1 to H S 0 × {t 0 } . According to the choice of t 0 we know that H S 0 × [t 0 , 1] is a path in S c (X) from H S 0 × {t 0 } to S 0 ; therefore, there exists a path in S c (X) from S 1 to S 0 . The result follows from the fact that S 1 ∈ L.
Question 2.7. Is it true that S c (X) is pathwise connected whenever X is contractible? In other words, can the assumption on first countability be removed in Theorem 2.6?
Recall that a continuum X is unicoherent if each pair of subcontinua of X whose union is X, has connected intersection. A continuum is hereditarily unicoherent if all its subcontinua are unicoherent. A continuum is a dendroid if it is arcwise connected and hereditarily unicoherent. A fan is a dendroid that has exactly one ramification point.
According to Theorem 2.6, the contractibility of a space X is a sufficient condition to obtain the path connectedness of S c (X), among first countable spaces. It is however not a necessary condition, as the 1-sphere S 1 shows (see (i) of Lemma 2.1). This situation is the same even for the class of dendroids, as we prove in our next example. We will use the following notation: Notation 2.8. If p 1 , . . . , p n are points in R 2 , we denote by p 1 · · · p n the broken line with vertices p 1 , . . . , p n . In particular p 1 p 2 denotes the segment that joins p 1 and p 2 .
Example 2.9. There exists a noncontractible dendroid X (even a fan) such that S c (X) is pathwise connected.
and X = {L n : n ∈ ω}. Then X is a noncontractible fan [5, p. 95] .
Consider two subsets of X given by X + = {(x, y) ∈ X : y ≥ 0} and
Note that each X(a, F ) is contractible, thus S c X(a, F ) is pathwise connected (Theorem 2.6). Hence, if we define Y = {S c (X(a, F )) : (a, F ) ∈ Q}, then Y is a pathwise connected subspace of S c (X).
Fix S 1 ∈ S c (X), we will show that there exists a path, in S c (X), from S 1 to some element of Y. Observe that if lim S 1 = (0, 0), then S 1 ⊆ X(a, F ) for some (a, F ) ∈ Q. Thus, S 1 ∈ Y. Also, if lim S 1 = (0, 0) and S 1 ∩ X − is finite, it follows easily that S 1 ∈ Y. Hence, from now on we will assume that lim S 1 = (0, 0) and that S 1 ∩ X − is infinite. Take a continuous function H : 
Using (2.5), the continuity of H and β and our assumptions on S 1 , one can show that γ is well defined. Moreover, Theorem 1.8 and Lemma 1.6 imply that γ is continuous. Therefore, γ is a path from S 1 to some element of Y, as desired.
2.3.
Necessary conditions for the path connectedness of S c (X). In this subsection, we present necessary conditions on a continuum X to obtain the path connectedness of S c (X) (Corollary 2.18 and Theorem 2.20), thus giving partial answers to Question 0.1. We start giving some definitions and auxiliary results. We point out that in the main results of this subsection, every space X will be a continuum.
Given ǫ > 0 and a metric space X, set C ǫ (X) = {A ∈ C(X) : diam(A) < ǫ}.
Definition 2.10. Let X be a metric space and let A ⊆ C(X). We say that A has property S uniformly (abbreviated: A has PSU ), provided that for each ǫ > 0, there exists k ∈ N such that if A ∈ A, then there exists B ∈ [C ǫ (X)] <k+1 satisfying that A = B.
Remark 2.11. Let X be a metric space. If F ⊆ E ⊆ C(X) and E has PSU, then F has PSU.
Let A be a family of subsets of a set Z.
Remark 2.12. Let X be a metric space. Each refinement of a family A of dendrites of X is a strong refinement of A. Proof. Let ǫ > 0. From our assumption that A has PSU, there exists k ∈ N fulfilling that for each
<k+1 . This proves that D has PSU. 
Proof. Let ǫ > 0. We show that there exists k ∈ N such that for each x ∈ f (0) there exists 
To end the proof, it suffices to prove that (
1) D does not have PSU, (2) if C ⊆ D and C is infinite, then C does not have PSU and
Proof. Suppose that A does not have PSU. Then, there is ǫ > 0 such that, for each k ∈ N, there exists A k ∈ A, with the property that:
Let D = {A n : n ∈ N}. It is not difficult to see that D satisfies 1,2 and 3.
A uniquely arcwise connected continuum X is called uniformly arcwise connected provided that for each ǫ > 0, there is a positive integer n such that any arc in X contains n points that cut the arc into subarcs of diameter less than ǫ (see [3] ). The following theorem is not difficult to prove. (1) X is uniformly arcwise connected; (2) the family of all arcs in X has PSU; (3) for each z ∈ X, the family of all arcs in X with z as an end point, has PSU; (4) for each z ∈ X, there exists a family A of arcs having PSU, such that z is an end point of each element of A and X = A.
In our next result we will use Notation 1.14. 
Since D is a strong refinement of D x for each x ∈ X, the claim follows from Lemma 2.13.
Claim 2.
For each x ∈ X, the set E x = {[x i , x] : i ∈ ω + 1} does not have PSU.
Suppose that E x has PSU for some
Suppose that there exists n ∈ N such that for each i ∈ ω + 1, there is
The proof of Claim 3 is completed.
Since D does not have PSU, we may take ǫ > 0 such that, for each n ∈ N, there is i ∈ ω +1, satisfing that:
For each i ∈ N, let
Notice that, by Claim 2 and Lemma 2.15, we may suppose that C i does not have PSU, and by Claim 3, for each n ∈ N, there exists j 0 ∈ ω \ (i + 1), such that:
Let n 1 = 1, by ( †), there exists n 2 > 1 such that [x n 1 , x n 2 ] / ∈ C ǫ (X). Furthermore, by Lemma 2.15, we may assume that there exists l > n 2 such that:
Thus, by ( †), there exists n 3 > n 2 such that, for each i ∈ {1, 2}:
In this way, inductively, we construct a sequence (x n k ) k satisfying our requirements.
We prove that there is no path joining L and T in S c (X). Suppose that L \ T is infinite and that there is a path f : [0, 1] → S c (X) such that f (0) = L and f (1)
But this contradicts Claim 4. Thus, there is no path in S c (X) joining L and T . It is well known that the family
has cardinality c. Therefore, using Remark 1.11, we conclude that S c (X) has exactly c arc components.
Our last result implies that if X is the Warsaw circle or X is any fan defined in section 6 of [4] , then S c (X) is not arcwise connected. Next, we present another necessary condition for the path connectedness of S c (X). To this end we introduce some notions.
Let (C n ) n∈N be a sequence of nonempty subsets of a continuum X. The limit superior of the sequence, denoted by lim sup C n , is the set of all points x ∈ X such that there exist a sequence (x k ) k∈N in X converging to x and a strictly increasing sequence (n k ) k∈N in N satisfying that x k ∈ C n k for every k ∈ N. The limit inferior of the sequence, denoted by lim inf C n , is defined as the set of all points x ∈ X such that there exists a sequence (x n ) n∈N in X converging to x fulfilling that x n ∈ C n for every n ∈ N. If lim inf C n = lim sup C n , then the limit of the sequence is lim C n = lim inf C n , and we say that the sequence (C n ) n∈N converges to lim C n .
A proper, nonempty, closed subset Y of a continuum X is called:
• an R 1 -set if there exist U ∈ τ X containing Y and sequences (C • an R 2 -set if there exist U ∈ τ X containing Y and sequences (C
• an R 3 -set if there exist U ∈ τ X containing Y and a sequence (C n ) n∈N of components of U such that Y = lim inf C n .
It is well known that an R
i -set contained in a continuum X is an obstruction for the contractibility of its hyperspaces K(X) and C(X) [ Proof. Seeking a contradiction suppose that there exists an R 3 -set Y contained in X. Let U ∈ τ X and let (C n ) n∈N be a sequence of components of U such that Y ⊆ U and lim inf C n = Y . Fix p ∈ Y and let (p n ) n∈N be a sequence in X such that lim p n = p and p n ∈ C n for every n ∈ N. Set S = {p} ∪ {p n : n ∈ N}. Notice that S ∈ S c (X). Now, let Q ∈ S c (X) be such that Q ⊆ X \ Y . Our assumption guarantees that there exists a path α : [0, 1] → S c (X) satisfying that α(0) = S and α(1) = Q. Define T = {t ∈ [0, 1] : ∃k ∈ N (α(t) ∩ C n = ∅ for all n ≥ k)} and set s = sup T .
Let t ∈ T be arbitrary. Then there exists k ∈ N such that α(t) ∩ C n = ∅ for all n ≥ k. Let (x n ) n∈N be a sequence in X such that x n ∈ α(t) ∩ C n if n ≥ k and x n ∈ C n if n < k. Thus, lim x n = lim α(t). So, the last equality and the inclusion lim x n ∈ lim inf C n imply that lim α(t) ∈ Y . This ends the proof of the claim. Let t ∈ [0, t 1 ] be arbitrary and let n ∈ N be arbitrary. Since p n ∈ α(0), by Theorem 1.9, there exists a mapping λ n : [0, t] → X satisfying that λ n (0) = p n and λ n (r) ∈ α(r) for all r
. This implies that t ∈ T . We conclude that 0 < t 1 ≤ sup T .
Second, the continuity of α and the fact that α(1) = Q ⊆ X \ Y ensures the existence of
If t were an element of [t 2 , 1] ∩ T , the choice of t 2 would imply that α(t) ⊆ X \ Y and Claim 1 would guarantee that lim α(t) ∈ Y , a contradiction. Therefore, [t 2 , 1] ∩ T = ∅ and we infer that sup T ≤ t 2 < 1. Our claim is proved.
Finally, let V ∈ C(X) be such that: (i) α(s) ∈ V c (see Proposition 1.5) and (ii) if V ∈ V is such that V ∩ Y = ∅, then V ⊆ U. From the fact that α is continuous, the choice of s and Claim 2, it follows that there exist
Since s 2 / ∈ T , there exists an infinite subset J of N such that α(s 2 ) ∩ C n = ∅ for each n ∈ J. On the other hand, Claim 1 and the choice of s 1 guarantee that lim α(s 1 ) ∈ Y . Let V ∈ V be such that lim α(s 1 ) ∈ V . Then, by the choice of V we have that V ⊆ U. Claim 1 and the inclusion s 1 ∈ T ensure the existence of n ∈ J such that α(s 1 ) ∩ C n ∩ V = ∅. Fix y ∈ α(s 1 ) ∩ C n ∩ V . Now, by Theorem 1.9, there exists a mapping ρ : [s 1 , s 2 ] → X such that ρ(s 1 ) = y and ρ(r) ∈ α(r) for each r ∈ [s 1 We note that the converse of our last theorem fails (see [9, Example 2.8]). On the other hand, in [10, Example 3.6] the authors exhibited a dendroid X that contains an R i -set and they proved that S c (X) has exactly c arc components. Hence, the following question seems natural and interesting (cf. Theorem 2.17).
Question 2.21. Let X be a continuum that contains an R i -set for some i ∈ {1, 2, 3}. Is it true that S c (X) has exactly c arc components?
In connection with this, in [10, Question 3.8] the authors asked if S c (X) can have only a finite (but more than one) or even a countable number of arc components, for an arcwise connected space X. Observe that Theorem 2.17 gives a partial answer to this question.
Further, as a consequence of Corollary 2.18 and Theorem 2.20 we have the following result and another interesting question. A nonempty subset A of a space X is said to be homotopically fixed if for each mapping h :
Corollary 2.22. Let X be a uniquely arcwise connected continuum (e.g. a dendroid). If S c (X) is arcwise connected, then X is uniformly arcwise connected and does not contain
Since each R i -set is homotopically fixed [1, Theorem 3.2] , it is natural to ask if the condition "X does not contain R i -sets" in Theorem 2.20 can be replaced with "X does not have homotopically fixed subsets". This is false: the continuum defined in [6, Example 5] contains a homotopically fixed degenerate subset, does not contain R i -sets and its hyperspace of nontrivial convergent sequences is pathwise connected, as we now show.
Example 2.25. There exists a continuum X having a homotopically fixed subset, such that S c (X) is pathwise connected. In particular, X does not contain R i -sets. We recall the construction of X made in [6, Example 5] for the sake of completeness. In the Euclidean plane, let a = (0, 1), b = (0, 0), c = (0, −1) and for each n, m ∈ N let a n = (2 −3n , 1),
Observe that a n → a, b n → b, c n → c and d n → c as n → ∞; further, for any fixed n ∈ N, we have that 
The path connectedness of X, the contractibility of Y ∪ π[aa 1 ] and Y ′ ∪ aa 1 , Theorem 2.6 and the fact that
We will find a path in S c (X) joining S with an element of Y. To this end observe that
thus, lim S ∈ ca. Since both X and Y are symmetric with respect to the origin, we may assume that ( ‡) lim S ∈ cb. Let ρ : X → [−1, 1] be the second coordinate projection. Define λ : S \ aa 1 → X by
, if x ∈ a n b n,m c n,m for some n, m ∈ N, d n,m , if x ∈ a n b ′ n,m d n,m for some n, m ∈ N, π(a n ), if y ∈ π[Q n ] for some n ∈ N.
Conditions ( †) and ( ‡) give λ[S
) and the continuity of λ.
Next we define a function H :
, let H(x, t) be the unique point in the arc [x, λ(x)] whose second coordinate is ρ(x) − t(1 + ρ(x)) (see Notation 1.14). If ρ(x) ∈ {−1, 1}, simply define H(x, t) = x. Using ( ‡) one can show that H is continuous. Hence, it follows from ( †) and Theorem 1.8 that the function α : [0, 1] → S c (X) given by
is well defined and continuous. Thus, α is a path in S c (X) from S to some element of Y. This shows that S c (X) is pathwise connected.
Finally, X does not contain R i -sets for any i ∈ {1, 2, 3} by Theorem 2.20.
Local path connectedness
In this section we characterize the local path connectedness of the hyperspace S c (X) in terms of that of the space X (Corollary 3.9). This allows us to provide another answer to Problem 0.2 (Corollary 3.10).
Lemma 3.1. Let U be a finite cellular family of a space X. For each U ∈ U define Q U = {S ∈ U c : lim S ∈ U}. Let U, V ∈ U be such that both U and V contain arcs A U and A V , respectively. If x ω ∈ A U and y ω ∈ A V , then there exists a path γ :
Proof. Fix S ∈ S c (A U ) such that lim S = x ω and let S = {x n : n ∈ ω + 1} be an adequate enumeration of S. For each n ∈ N denote by x n x n+1 the subarc of A U whose end points are x n and x n+1 . Pick a path α n : [
Similarly, we may take {y n : n ∈ ω + 1} ∈ S c (A V ) and for each n ∈ ω denote by y n y n+1 the subarc of A V whose end points are y n and y n+1 . Also choose a path β n : [
Then γ is well defined and using [20, Theorem 18.3, p . 108] and Lemma 1.6 one can show that it is continuous in (0, 1]. In order to check that γ is continuous at t = 0, fix a finite cellular family W such that {x m : m ∈ ω + 1} ∪ {y ω } ∪ Z ∈ W c . Let W 0 , W 1 ∈ W such that x ω ∈ W 0 and y ω ∈ W 1 ; further, choose N ∈ N satisfying that n≥N x n x n+1 ⊆ W 0 and
) a routine argument shows that γ(t) ∈ W c and, thus, γ is continuous. Finally, it is immediate to see that lim γ(0) = x ω and lim γ(t) = y ω for each t ∈ (0, 1]. Theorem 3.2. Let X be a space and assume that U is a finite cellular family whose elements are pathwise connected. Let x, y ∈ X be such that X is first countable and locally pathwise connected at both x and y. If S x , S y ∈ U c are such that lim S x = x and lim S y = y, then there exists a path in U c from S x to S y .
Proof. Let U x , U y ∈ U be such that x ∈ U x and y ∈ U y . We consider two cases.
Fix U ∈ U \ {U x }. In this case the cellularity of U implies that both S x ∩ U and S y ∩ U belong to F (U). Hence, by Remark 1.13 we may take a path ϕ U :
Notice that S x ∩ U x ∈ S c (U x ). Let A ⊆ U x be an arc that contains both x and y (Theorem 1.12) and let A x , A y ∈ S c (A) be such that lim A x = x and lim A y = y. According to Corollary 2.5, the sequences S x ∩U x and A x can be joined with a path in S c (U x ). Similarly, S y ∩U x and A y can be joined with a path in S c (U x ). Moreover, by [9, Corollary 1.5], A x and A y can be joined with a path in S c (A) ⊆ S c (U x ). Thus, there exists a path ϕ Ux : [0, 1] → S c (U x ) such that ϕ Ux (0) = S x ∩ U x and ϕ Ux (1) = S y ∩ U x . Finally define α : [0, 1] → U c by α(t) = {ϕ U (t) : U ∈ U}. Lemma 1.6 guarantees that α is a path in U c joining S x and S y .
Case 2. U x = U y .
Using Theorem 1.12 and Lemma 3.1 one can show that there exists a path γ : [0, 1] → U c such that lim γ(0) = x ∈ U x and lim γ(1) = y ∈ U y . By Case 1 there exist two paths in U c , one from S x to γ(0) and the other from S y to γ(1). The result follows. Proof. Fix S ∈ S c (X) and a finite cellular family U such that S ∈ U c ; since X is locally pathwise connected, by Lemma 1.1 we may assume that the elements of U are pathwise connected. Applying Theorem 3.2 we obtain that U c is pathwise connected. The assumption on first countability in Corollary 3.4 is restrictive, as our next example shows.
Example 3.6. Given a cardinal κ, endowed with the discrete topology, consider the topological product X = [0, 1] × κ and set F = {0} × κ. The hedgehog of κ spines, denoted by J(κ), is the quotient X/F , i.e., the topological space which results of collapsing F to a single point.
Note that J(ω) is pathwise connected and locally pathwise connected, but it is not first countable. Nevertheless S c (J(ω)) is pathwise connected, as we now show. Given S ∈ S c (J(ω)), observe that there exists n ∈ ω such that S ⊆ J(n). Hence, if S, R ∈ S c (J(ω)), then S, R ⊆ J(m) for some m ∈ ω. Since S c (J(m)) is pathwise connected [9, Lemma 1.8], then so is S c (J(ω)).
Corollary 3.4 states that the path connectedness, together with the local path connectedness of a space X, is a sufficient condition to obtain the path connectedness of S c (X) -among first countable spaces-. Nevertheless, local path connectedness is not a necessary condition for the path connectedness of S c (X), as the cone over the Cantor set shows (see Theorem 2.6). The path connectedness of X is however necessary (Theorem 1.10). Hence, the problem of finding necessary and sufficient conditions on a space X for S c (X) to be pathwise connected seems very interesting and remains unsolved. Proof. By assumption, there exists a pathwise connected neighborhood V of S for some S ∈ S c (X); hence we may take a finite cellular family W such that S ∈ W c ⊆ V. Set p = lim S and let W be the element of W that contains p. Take z ∈ (S ∩ W ) \ {p} and define R = S \ {z}. Proof. Fix q ∈ X and an open subset W of X that contains q. Since X contains an arc (Lemma 3.7), we may take S ∈ S c (X) such that q ∈ S \ {lim S}. Let U 1 and U 2 be disjoint open sets such that q ∈ U 1 ⊆ W and S \ {q} ⊆ U 2 .
Since S ∈ {U 1 , U 2 } c , there exists a pathwise connected set V such that S ∈ int(V) ⊆ V ⊆ {U 1 , U 2 } c . It follows from Lemma 1.7 that
It suffices to prove that each point of U 1 ∩ ( V) may be connected with q by a path contained in U 1 ∩ ( V). To this end fix p ∈ U 1 ∩ ( V) and pick S p ∈ V such that p ∈ S p . Also, let α : [0, 1] → V be a path such that α(0) = S p and α(1) = S. According to Theorem 1.9 there exists a path γ : Question 3.11. Can the assumption on first countability be removed in Corollary 3.9 or Corollary 3.10?
Contractibility
In this section we prove that S c (X) is contractible, whenever X is a nondegenerate connected subspace of a tree (Definition 4.2).
In the proof of our next result we use the following notation: for a subset S of R and a real number t we denote by tS the set {tx : x ∈ S}.
Proof. Without loss of generality (and for the sake of simplicity) we will assume that −2 < a < 0 < 1 < b < 2. Claim. The set X 1 = {S ∈ S c (X) : 1 ∈ S} is contractible. Consider the function H :
The fact that H is well defined follows from recalling that 1 ∈ S for all S ∈ X 1 and from noting that In order to prove that H is continuous at the elements of X 1 ×{0}, fix S ∈ X 1 and let U be a finite cellular family such that {0}∪ 1 2 k−1 : k ∈ N = H(S, 0) ∈ U c . Let U be the element of U that contains 0 and pick N ∈ N such that [
Thus, a straightforward argument gives H(S 1 , t) ∈ U c . This implies the continuity of H. Finally, since H(S, 0) = {0} ∪ 1 2 k−1 : k ∈ N and H(S, 1) = S for all S ∈ X 1 , the claim is proved. Now define M : S c (X) → X by M(S) = max S. Note that M is continuous. Consider G : S c (X) × [0, 1 2 ] → S c (X) given by G(S, t) = S ∪ {(1 − 2t)M(S) + 2t}, then G is a homotopy such that G(S, 0) = S and G S, 1 2 ∈ X 1 for all S ∈ S c (X). Further, by the Claim we may take S 0 ∈ X 1 and a homotopy G 1 :
It follows easily that G 2 is a contraction in S c (X).
In the rest of this section we will use Notation 1.14.
Definition 4.2. By a tree we mean a connected union of finitely many arcs, such that it does not contain simple closed curves.
Given a tree X and x ∈ X, we say that x is an end point of X provided that x does not separate any arc in X that contains it. Moreover, x is a ramification point of X if x is the common end point of three arcs in X that are otherwise disjoint. The symbols E(X) and R(X) will denote the set of end points and the set of ramification points of X, respectively. It is easy to see that both E(X) and R(X) are finite.
Moreover, for each p ∈ X we will consider the partial order given by: x < p y provided that x ∈ [p, y] \ {y}. Of course, x ≤ p y will mean that either x < p y or x = y. H(x, s) < p H(x, t) whenever s < t and x ∈ X \ {p}.
Let V be a neighborhood of p in X such that V is an arc contained in Y and let t 0 > 0 be such that H X × [0, t 0 ] ⊆ V . According to Theorem 4.1, we may take S 0 ∈ S c (V ) and a homotopy G :
The facts that X is a tree, that Y is pathwise connected and (4.1) guarantee that K(H) S × {t} ⊆ Y for all (S, t) ∈ S c (Y ) × [0, 1]. Next, in order to see that G is well defined fix S ∈ S c (Y ) and let {y n : n ∈ ω + 1} be an adequate enumeration of S. Since H(y n , t) converges to H(y ω , t) for each t ∈ [0, 1], we infer that
The set E(X) is finite, so we may fix e ∈ E(X) such that S ∩ [p, e] is infinite. Then (4.2) implies that H (S ∩ [p, e]) × {t} is infinite as well, for each t > 0. Thus (4.3) yields K(H) S × {t} ∈ S c (Y ) for each t > 0 and, therefore, G is well defined. Finally, using Theorem 1.8 it is easy to see that G is a homotopy such that G(S, 0) = S 0 and G(S, 1) = S for each S ∈ S c (Y ).
The following question arises naturally. ). Define X = {A n : n ∈ ω}. Any space homeomorphic to X is known as a harmonic fan. In this section we study the connectedness of Whitney blocks and Whitney levels for S c (X).
5.
1. An auxiliary result. The short result in this subsection will be used in Proposition 5.5. As a by-product we obtain a model for the hyperspace S c (ω + 1).
ω be the Cantor set. If C ω denotes the set {(a i ) i∈ω ∈ C : a i = 1 for infinitely many i} and if ϕ : C ω → S c (ω + 1) is defined, for each (a i ) i∈ω ∈ C ω , by ϕ((a i ) i∈ω ) = {i : a i = 1} ∪ {ω}, then ϕ is a homeomorphism.
Proof. It is not difficult to see that ϕ is a bijection. We show that ϕ is continuous. Fix
i.e., {i : a i = 1} ∪ {ω} ∈ U c . Let U ∈ U be such that ω ∈ U. Hence, there exists n 0 ∈ ω such that i ∈ U for each i ≥ n 0 . Define
Thus, ϕ is continuous. Now, we prove that ϕ is open. For n ∈ N and c 0 , ..., c n ∈ {0, 1} set
Let R ∈ ϕ[U(c 0 , ..., c n )]. We denote by {l 0 , ..., l j } = {m : m ∈ R ∩ {0, ..., n}}. Let V i = {l i } for each i ∈ {0, ..., j} and V j+1 = {m : m ≥ n + 1} ∪ {ω}, which are open subsets of ω + 1. If c i = 0 for each i, then we obtain directly that R ∈ (V j+1 ) Proof. Since X is a continuum, it is clear that S c (X) is dense in CL(X). Furthermore, S c (X) is connected, by [17, Theorem 4.2] . Therefore, w(S c (X)) is connected and dense in [0, 1].
In the following proposition we prove that there exists a Whitney map for S c (ω + 1) whose image is (0, 1] (cf. Theorem 5.4). Let H = S c (ω + 1) ∪ {A ∈ F (ω + 1) : ω ∈ A}. Note that for each A ∈ F (ω + 1) such that ω ∈ A, there exists a natural continuous extension of v to S c (ω + 1) ∪ {A}. Lemma 5.6. Let X be a continuum, let µ : CL(X) → [0, 1] be a Whitney map and let t ∈ (0, 1). If S, P ∈ S c (X) are such that S ∈ (µ| Sc(t) ) −1 [[t, 1)], S ⊆ P , and P \ S is finite, then S and P belong to the same component of (µ| Sc(t) ) −1 [[t, 1)].
Proof. Set n = |P \ S| and let ϕ : F n (X) → S c (X) be defined by ϕ(A) = S ∪ A for each A ∈ F n (X). The continuity of ϕ is a consequence of Lemma 1.6. Since S ⊆ ϕ(A) for each A ∈ F n (X), the inclusion ran(ϕ) ⊆ (µ| Sc(t) ) −1 [[t, 1)] holds. Now, by [19, Theorem 4.10, p. 165] F n (X) is connected, hence so is ran(ϕ). Finally, observe that S, P ∈ ran(ϕ). This implies that S and P belong to the same component of (µ| Sc(t) . Let {r i : i ∈ ω + 1} and {q i : i ∈ ω + 1} be adequate enumerations of R and Q, respectively.
For each j ∈ N, let F j = {r ω , x} ∪ {r i : i ≤ j}. Note that each F j ∈ CL(X) and lim j→∞ F j = R ∪ {x} . This guarantees that there exists j 0 ∈ N such that {F j : j ≥ j 0 } ⊆ µ −1 [(t, 1)]. For each k ∈ N define Q k = (Q \ {q 1 , . . . , q k }) ∪ F j 0 +k . Then Q k ∈ (µ| Sc(X) ) −1 [(t, 1]]. Using Lemma 5.6 twice, we obtain that Q ∪ F j 0 +k ∈ C and, thus, that Q k ∈ C. Hence, since (Q k ) k∈N converges to R ∪ {x, q ω }, we deduce that R ∪ {x, q ω } ∈ C. Therefore, the fact that R ∈ C follows from Lemma 5.6. Proof. Let J = {(x, y) : max{|x|, |y|} = 1, y < 2|x|}. We shall prove that the Whitney map for CL(J) defined in [13, 13.5, p . 108] satisfies the required properties. For the sake of completeness, we recall the construction of such Whitney map µ : CL(J) → [0, ∞). First, for a subset A of J, the symbol F n (A) represents the set [A] <n+1 \ {∅}. Now, fix A ∈ CL(J). For any n ∈ N−{1}, define λ n : F n (A) → [0, ∞) as follows: for each K ∈ F n (A), say K = {a 1 , a 2 , ..., a n }, let λ n (K) = min{d(a i , a j ) : i = j} (in particular, if |K| = 1 then λ n (K) = 0). Next, for each n ∈ N − {1}, let µ n (A) = lub{λ n (K) : K ∈ F n (A)}. } .
Recall that a continuous function f : X → Y is monotone provided that its fibers are connected.
In our last result, the symbol H(A, B) will denote the Hausdorff distance between A and B ([13, Definition 2.1]).
Theorem 5.9. Let X be a continuum and let µ be a Whitney map for CL(X). If (µ| Sc(X) ) −1 (t) is connected and {A ∈ µ −1 (t) : A c = ∅} is dense in µ −1 (t) for each t ∈ (0, µ(X)), then µ is monotone.
Proof. Fix t ∈ (0, µ(X)) be arbitrary. First, we shall show that {A ∈ µ −1 (t) : A c = ∅} ⊆ cl CL(X) (µ| Sc(X) ) −1 (t). Let A ∈ µ −1 (t) be such that A c = ∅ and let ε > 0 arbitrary. Take a component C of A. Then C = X. So, there exists a subcontinuum D of X satisfying that C D ⊆ N(ε, C). Choose p ∈ D \ A. Since F (A) is dense in CL(A), there exists B ∈ F (A) such that µ(B ∪ {p}) > t and H(A, B) < ε. Fix S ∈ A c . Set Q = S ∪ B. Observe that Q ∈ A c and µ(Q ∪ {p}) > t. Define the map g : D → S c (X) by g(x) = Q ∪ {x}. Notice that H(A, g(x)) < ε for each x ∈ D, µ(g(y)) ≤ µ(A) = t for each y ∈ A and µ(g(p)) > t. Thus, this and the connectedness of D imply that there exists z ∈ D satisfying that µ(g(z)) = t. This proves that A ∈ cl CL(X) (µ| Sc(X) ) −1 (t). Finally, our assumption that {A ∈ µ −1 (t) : A c = ∅} is dense in µ −1 (t) guarantees that µ −1 (t) = cl CL(X) (µ| Sc(X) ) −1 (t) and so µ −1 (t) is connected.
